LARGE CLIQUES IN GRAPHS WITH HIGH CHROMATIC NUMBER 

CSABA BIRO 

Abstract. We study graphs whose chromatic number is close to the order of the graph (the 
number of vertices). Both when the chromatic number is a constant multiple of the order and 
when the difference of the chromatic number and the order is a small fixed number, large cliques 
^s^ are forced. We study the latter situation, and we give quantitative results how large the clique 

number of these graphs have to be. Some related questions are discussed and conjectures are 
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Please note that the results of this article were significantly generalized. Therefore this paper 
will never be published in a journal. See instead [l] for the more general results. 



1. Introduction 



o 

It is well known that for all positive integer c, triangle free graphs with chromatic number c exist. 
^ The number of vertices required to obtain such graphs grows quadratically with c. So when the 

chromatic number is close to the order of the graph, large cliques are forced. But just how large 
these cliques have to be? To make these questions precise, we introduce the following definition. 

Q(n,c) = mm{uj(G) : \V(G)\ = n and X (G) = c} 

Suppose that < r < 1. One can ask about the behavior of the sequence Q(n, \rn~\), in particular, 
if it converges to infinity. The answer is positive for all r, and it is fairly easy to see: it follows from 

^^ the Ramsey Theory result that a graph with no cliques of size t and n vertices has independence 

number f^n 1 /*), which is a straightforward consequence of the classical Erdos-Szekeres [3] bound 

CN ' for the Ramsey numbers. 

r — . In this paper we study the behavior Q(n,n — k) if k is small relative to n. In the following, if not 

otherwise indicated, all the statements about Q(n, n — k) is to be understood with the condition "if 
n is sufficiently large". It is immediate from the definition that Q(n,n) = n, Q(n,n — 1) = n — 1, 
Q(n,n — 2) = n — 3 (remove the edges of C5 from K n to see the last result). We will determine 
Q(n, n — k) for k < 6. 

Throughout the paper we will call single vertex color classes in a valid coloring of a graph 
"singletons". Similarly, we will use the term "doubleton" for color classes containing two vertices. 



Proposition 1.1. Let k > 3. If n is large enough, then n — Ik + 2 < Q(n. n — k) <n — k — 1. 

Proof. To see that Q(n, n — k) < n — k — 1, remove the edges of C2k+i from K n . It remains to 
be shown that Q(n, n — k) > n — 2k + 2. Consider a graph G with n vertices and x(G) = n — k. 
Consider an optimal coloring of the vertices of G with n — k colors. If there are at least n — 2k + 1 
singletons, it is easy to see that there is a -ftT n -2fc+2 subgraph, so we may assume that there are 
n — 2k singletons, forming a clique Q. The remaining 2k vertices are in k classes, so all of them 
are doubletons. In each of the doubleton classes, one of the vertices is adjacent to every vertex 
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in Q, otherwise x(G) < n — k. Denote the set of these vertices by S. If S is not an independent 
set, then there is a K n _2k+2 and we are done. If S is an independent set, then remove S from G. 
The remaining graph G' has |V(G')| = n — k and x(G') > n — k — 1, so there is a clique of size 
n — k — 1 > n — 2k + 2 in G' and in turn in G. □ 

Corollary 1.2. Q(n, n - 3) = n - 4 

Based on these, the author (naively) made the following conjecture. 

Conjecture 1.3. Let k be a positive integer. If n is large enough, then 

Q(n, n - k) = n - 2k + \k/2\ . 

This conjecture was disproven in [1]. 

Jahanbekam and West [6 observed that Q(n,n — k) is at most the conjectured value whenever 
n > \5k/2~\ and they conjecture that this threshold on n is both sufficient and necessary for equality. 
Their constructions are the following. If k is even, let r — k/2 and let G be the complement of rC§. 
If k is odd, let r = (fc + 1)/2 and let G be complement of (r — l)Cs + P3. Then adding a dominating 
vertex to G increases |V(G)|, x(G) and ui(G) each by 1. 

Our main result is the following. 

Theorem 1.4. Let k > 5. If n is large enough, then Q(n,n — k) > n — 2fc + 3. 
Corollary 1.5. Coniecture \1.3\ is true for k < 6. 

2. Motivation and related research 

The original motivation of this research was an analogue problem for partially ordered sets 
(posets). 

A realizer is a set of linear extensions of the poset P, such that their intersection (as relations) 
is P. The minimum cardinality of a realizer is the dimension of the poset, a central notion in 
poset theory. The "standard example" S n is the poset formed by considering the 1-element subsets 
and the n — 1 element subsets of a set of n elements, ordered by inclusion. It is well known that 
dim(5„) = n, but there are posets of arbitrarily large dimensions without including even S3 as a 
subposet. 

Hiraguchi [5j proved that the dimension does not exceed half of the number of elements of the 
poset. Bogart and Trotter [2] showed that for large n, the only n-dimensional poset on 2n points 
is S n . But what happens if the dimension is slightly less than half the number of elements, is not 
known. We conjecture the following. 

Conjecture 2.1. For every t < 1, but sufficiently close to 1 there is a c > such that if a poset 
has 2n points, and its dimension is at least tn, then it contains a standard example of dimension 
en. 

It is frequently noted that poset problems can be translated to graph theory problems and vice 
versa by changing chromatic numbers of graphs to dimension of posets, and cliques in graphs to 
standard examples in posets. Note that the above conjecture would translate to the following 
statement: For every t < 1, but sufficiently close to 1 there is a c > such that if a graph has n 
points, and its chromatic number is at least tn, then it contains a clique of en points. This graph 
version is trivial for all t > 1/2. 

There are some potentially interesting relation of these questions to list coloring of graphs. Reed 
and Sudakov [7] showed that if the chromatic number is at least about 3/5 of the number of vertices, 
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Figure 1. The structure of G when \S\ = 5 



then the list chromatic number and the chromatic number are equal. List coloring also comes up 
explicitly and implicitly in the proof of Theorem ll.4[ further suggesting that other list coloring 
problems may be related. Another article with potential connections is [4]. 



3. Proof of Theorem 11.41 

Consider a graph G with |V(G)| = n, x(G) = n — k, and consider an optimal coloring 7 : V(G) — > 
{1, . . . , n — k} of G. If the number of singletons is at least n — 2k + 2 it is easy to see that there 
is a K n ^2k+3 subgraph. So we may assume that the number of singletons is either n — 2k + 1 or 
n — 2k. In either case, the singletons form a clique, call it Q. 

If \Q\ = n — 2k + 1, then the remaining 2fc — 1 vertices form k — 1 color classes: that is k — 2 
doubletons and one 3-element class. In each of these classes, at least one of the vertices is adjacent 
to every vertex in Q, otherwise x(G) < n — k. Call these vertices S. If S is not an independent 
set, then there is a K n - 2 k+3', otherwise remove S to form the graph G\. Now |V(Gi)| = n — k + 1, 
x(Gi) > n — k — 1 so w(Gi) > n — fc — 2 > n — 2k + 3, providing the clique that we seek. 

Hence we may assume that \Q\ = n — 2k, and the remaining color classes are k doubletons. It is 
still true that every color class contains a vertex that is adjacent to every vertex in Q, and we will 
keep calling this set S. But now all we can deduce immediately that if there is a triangle in S, we 
are done. So we may assume S contains no triangles. 

Since the diagonal Ramsey number i?(3, 3) = 6, it follows that if S is triangle free and k = \S\ > 6, 
then S contains a 3-element independent set. Removing this from G we get a graph G2 with 
I V(G2 ) I = n — 3, and x{G2) > n — k — I. The difference is k — 2, so an induction argument implies 
that G2 contains a clique of size n — 3 — 2(fc — 2)+ \{k — 2)/2] = n — 2k + \k/2~\ . 

So we may assume that k = \S\ = 5 and that S does not contain any triangle or 3-element 
independent set, i.e. it induces a G5. Denote the elements of S by vi, . . . , v$, and the other elements 
in the doubleton classes by tti, . . . , U5 such that {u i; v{\ are the doubletons for i — 1, 2, . . . , 5. 
(Figure ED) 
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Let U be the graph induced by u\, ... ,115, and T be the graph induced by u\, . . . , U5, vi, . . . , 1)5. 
Observe that the complement of T is triangle free. This is because a triangle in T is a 3-element 
independent set in T. Removing this from G we would get a graph G3 with |V(Cr3)| = n — 3, 
x(G3) > n — 6, and so u{Gz) > n — 7. 

Without loss of generality we will assume that {"/(v) : v £ Q} — {6, 7, . . . , n — 5}, and j(Vi) = 
7(itj) = i for i = 1, . . . , 5. If we can recolor the vertices of T with fewer than 5 colors, we get a 
contradiction with the chromatic number of G. The set of colors that are available for recoloring 
is easily identifiable. Let E — {1, . . . ,4} and let Lj = {j{v) : v £ Q and Ui 7^ v}. Our goal is to 
list color T with the list E assigned to the vertices of S and the lists E U Lj assigned to ttj for 
i = 1, . . . , 5. This way, we never use the color 5, so we achieve the desired contradiction. 

Note that L t ^ for any i. Indeed, if Lk = 0, then \S U {iik}\ = 6 so this set contains either a 
triangle or a 3-element independent set, and previously we have seen that this is sufficient to finish 
the proof. 

Let L = UJjLjXi and / = \L\. We have seen that I > 0. We will analyze 5 cases, depending on 
the magnitude of I. In each case, we will attempt to list color T with the given lists, and if it is 
impossible, we will show the existence of a clique of size n — 7. In each case, we will use the colors 
1, 2, 3 to color S; the colors 1 and 2 will be used twice and the color 3 will be used once. However, 
we will first focus on coloring the vertices of U with the following self-imposed restrictions: 

• We will not use the colors 1 and 2. 

• We will use color 3 at most once. 

We can use the color 4 completely freely, because we won't need it for S, and of course we can use 
the colors from Li to color m. Once U is colored, we find the vertex Uk (if exists) for which color 
3 was used (otherwise pick uu arbitrarily) . Then we assign the color 3 to Vk and the colors 1 and 2 
accordingly to the other four vertices in S to create proper coloring. 

In many cases it will be useful to illustrate the coloring of U with a bipartite graph B. One of the 
partite set is V(U), the other is L and the vertex Uk is adjacent to the color c if c £ Lk- A matching 
in B corresponds to a valid (possibly partial) coloring of U . This will be especially useful in the 
cases when I is large, so a large matching can be found. We will make use of Hall's Theorem, and a 
set of vertices that violates the condition of the theorem will be called a Hall-block. In particular, 
if a set of vertices X has the property that |iV(X)| < \X\, and \X\ — i and |AT(X)| = j, then we 
will call X an "i-j" block. 

3.1. If I > 4. Suppose that L — {a, b,c, d} and let B the bipartite graph defined above. If 
\N({a,b,c})\ < 2 and \N({b,c,d})\ < 2, then \N({a,b,C,d})\ < 4, so there is vertex with an 
empty list, contradiction. So there is a 3-element subset L' of L with \N(L')\ > 3. Without loss of 
generality, L' = {a,b,c}. 

If there is matching that covers L' , we are done: we can use the corresponding coloring for 3 
vertices in N(L') and the colors 3 and 4 for the remaining two vertices. If not, then there is a 
Hall-block in the subgraph of B induced by V and N(L'). The only possible block is 2-1 block, 
because 2-0 or 1-0 blocks would mean I < 4. Without loss of generality, \N({a, b})\ = 1. We again 
have to separate cases by the size of N(L'). 

3.1.1. If \N(L')\ = 3. In this case B must contain the following subgraph. (The vertices u\, . . . ,u§ 
may be permuted. This is also true for the later subcases of Case 13. H and for similar claims in later 
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This clearly contains a matching of size 3, and the remaining vertices can be colored with colors 3 
and 4. 

3.1.2. If \N(L')\ — 4. In this case B must contain the following subgraph. 

«i u 2 u 3 u 4 u 5 




This, again contains a matching of size 3. 

3.1.3. If \N(L')\ = 5. In this case B must contain one of the following subgraphs. 

Ml U 2 U 3 «4 u 5 U\ u 2 U 3 u 4 



«5 





abed abed 

The one on the left contains a matching of size 3. The one on the right shows a pattern that 
we will see again later. If there is a non-edge between any two of u 2 ,u 3 , 114,1*5, then those two 
can be colored with c, u± can be colored with any of a, b or d, and the rest two vertices can 
use 3 and 4. If 1*2,1*3,^4,1*5 induce a clique, then let v be the vertex of Q with color c; then 
(Q \ {v}) U {u 2l 1*3, U4, M5} induce a clique of size n — 7. 

3.2. If / = 3. Suppose L = {a, b, c}, and let B be the graph as above. Unless there is a 2-1 block 
in B, there is a complete matching from the colors, and we are done. If there is a 2-1 block, then 
B contains the following subgraph. 

Ml U 2 U3 U 4 U 5 




This situation can be dealt with in exactly the same way as the second subcase of Case 13.1.31 The 
only difference is that there are only two colors for m, but we really only need one. 

3.3. If I = 2. Suppose L — {a, b}. In this case, each list is one of {a}, {&}, and {a,b}. Let 
A = {m : Li — {a}}, B — {m : Li — {b}}, and M = {ui : Li — {a, b}}. We claim that we may 
assume that all of A, B and M induce a clique. 

To see this, suppose that A does not induce a clique. Then there is a nonedge between two 
vertices of A. We can color these with the color a, and look at the remaining three vertices. At 
least one of those must contain b in its list, otherwise I < 2. So find one that has 6 in its list, color 
that with b, and the other two takes the colors 3 and 4. Similarly, we can see that B induces a 
clique. It remains to be seen that M induces a clique. Suppose not, and there is a nonedge between 
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vertices of M. Without loss of generality, these vertices are u\ and Ui. The set L3 U L4 U L5 is 
a nonempty subset of L, so it either contains a or 6, without loss of generality a G L3UI4 UL5. 
Again, we may assume a G L3. Then use the following coloring: 

U\,U2 — > b 
U3 — ^ a 
«4 — > 3 
«5 -> 4 

On the other had, it is clear that we may assume that {ui, . . . , M5} does not induce a clique. If it 
does, and v and w are the vertices of Q with 7(1*) = a and 7(u>) = 6, then (Q\{v,w})U{ui, . . . ,u$} 
induces a clique of size n — 7. 

Now we will show that we may assume that AU M and BUM arc cliques. Without loss of 
generality AU M is not a clique, so there is a nonedge, and it can only be between a vertex whose 
list is {a} (say u\) and another vertex whose list is {a, b} (say 112)- If b G L3 U L4 U L5 (say 6 G L3), 
then use the coloring: 

ui,U2 — >• a 

«3 -> & 

«4 — >• 3 

«5 -► 4 

If b ^ L3 U L4 U L5, then L\ — L 3 = L4 = L5 = {a}. If {^1,-^3, U4, M5} induces a clique, we are 
done, otherwise, say u\ 7^ U3, use the following coloring: 

Ui, U3 — >• a 
«2 -> b 
M4 — >• 3 
w 5 -4 4 

So we have shown that there is a nonedge in {ui, . . . , U5}, say Ui 7^ 112, and L{u\) = {a} and 
£("2) = {6}. If {a, 6} ^ £3 U £4 U L 5 then either four of lists is {a} and the fifth is {&} or vice 
versa; both cases can be handled similarly as before. So we have {a, b} C L 3 U L4 U L5. Then there 
is a list among £3,^4,^5 that contains a, say L3, and another that contains b, say L4, and then 
the following coloring works: 

Ul,U2 -► 4 
W3 — > a 

w,4 — >• 6 
W5 — > 3 

3.4. If I = 1. Suppose that L = {a} and £/ contains a matching of size 2, say {ui, M2} and {U3, 114}. 
Then we can use the following coloring: 

1*1,1*2 — > a 

u 3 ,u 4 -> 4 

1*5 — > 3 
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Otherwise U is a star (recall that it is triangle free) . Without loss of generality, the center of the 
star is u\. Let v be the vertex of Q for which j(v) = a. Then (Q \ {v}) U {112, ""3, U4, U5} is a clique 
of size n — 7. □ 
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